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INTRODUCTION
The binding of fibroblast growth factor-2 (FGF-2) to its cell surface receptor (FGFR) and the role of heparan sulfate proteoglycans (HSPG) in regulating this process for endothelial cells has been of interest for many years because of their roles in cell signaling and cellular proliferation, processes which important for angiogenesis. Certainly control of these cells which line blood vessels is likely to be important in being able to control tumor growth and wound healing. In the past two decades, with the development of high performance computers, several computational models of FGF-2 binding to its receptor and HSPG have been proposed [1] [2] [3] [4] [5] [6] [7] [8] . Nugent and Edelman were among the earliest researchers, developing a simple model, involving these three species, FGF-2, FGFR and HSPG. They measured kinetic binding rate constants experimentally and their results provided a foundation for investigating the complexity of FGF-2 binding. Nugent, Forsten-Williams and coworkers introduced more complexity into their models with dimerization and formation of higher order species. Filion and Popel proposed a model of FGF-2 interactions with cell surface receptors including diffusive transport within the culture dish [7] . Ibrahimi and coworkers proposed a simple model for the stepwise assembly of a ternary FGF-2-FGFR-HSPG complex [8] . Not like the previous models for the kinetic assembly of a ternary complex in which binary FGF-2-FGFR or FGFR-HSPG complexes are intermediates, they claimed that FGFR and HSPG are unbound in the absence of FGF-2 ligand, and the availability of FGF-2 results in formation of initial FGF-2-HSPG complexes, which promotes the rapid binding of FGFR and creates a ternary complexes capable of undergoing dimerization and subsequent FGFR activation. Forsten-Williams and coworkers took their model a step further by linking their model to experimental activation of ERK 1/2, an important intracellular signaling pathway component [6] .
All previous modeling work is based on culture environment. This paper addresses the competitive binding of FGF-2, FGFR, and HSPG in a flow environment, to mimic blood vessel-like capillaries. The whole model consists of three coupled parts [29] : (1) the media flow part uses the Navier-Stoke equations; (2) the convective mass transport of FGF-2 in the flow uses transport equation; (3) the binding kinetics uses a set of ordinary differential equations. The binding kinetics part is based on ForstenWilliams et al. 2005 model [6] .
II. SIMULATION ENVIRONMENT
In order to investigate the quantitative properties of FGF-2 binding, one pass experiments (i.e. no recycling of the fluid through the cartridge) and simulations have been set up. Fig.  1 is a diagram of the hollow fiber cartridge system used in the experiments. FGF-2 is injected into the left sampling port and the pump is turned on. The fluid is pumped into the cartridge and FGF-2 enters into the 20 hollow-fiber capillaries, which are coated with endothelial cells on the wall. Fluid from the capillaries is pooled in the right reservoir and collected in tubes approximately every 10 seconds during one pass experiment. The geometric model is based on the experimental one and illustrated in Fig 2. The flow is pulsatile, but the simulation cost can be greatly reduced by finding an analytical solution to the velocity, instead of calculating it numerically. The walls of the hollow-fiber capillaries are assumed to be rigid and nonporous. In addition, the following assumptions are made:
(1) All of the 20 hollow-fiber capillaries have the same dimensions, flow, and the cell densities; (2) The flow is steady, axis-symmetrical and laminar. For simplicity, entrance effects are ignored [15] ; (3) The fluid is incompressible, Newtonian, viscous and isothermal; (4) The endothelial cells are distributed evenly on the wall of the fiber capillaries and tightly packed.
Fig. 2 Diagram of modeling process
The model consists of three coupled parts: (1) the media flow equations; (2) the convective mass transport equations of FGF-2 in the flow; (3) the competitive binding kinetics equations [6] [29] .
A. The MediaFlow Equations
Because of the axis-symmetry of the fiber capillaries, the model can be simplified from 3D to 2D. The governing equations of the model are given by [11] [22] [29] The mass conservation equation
the radial momentum equation 
In (4), ρ is the density, u is the axial velocity, p the dynamic pressure, and μ is the viscosity of the media. For a Newtonian incompressible flow, μ is a constant.
Eq. (4) is the simplified form on which the classical solution for fully developed steady and pulsatile flow is based.
If the tube is assumed to be rigid, the velocity of u is a function of r and t only, and pressure p is a function of x and t only, that is,
For oscillatory flow, if the steady and oscillatory parts of velocity and pressure are identified by subscripts "s" and "Φ", respectively, to isolate the oscillatory flow problem, we write . Combining boundary conditions, ,the second part can be ignored. Eq. (11) is used as a special case analytical solution of u during the simulation, and Eq. (10) can be used as a general solution to any pulsatile pressure gradient function.
Eq.(10) becomes
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B. The MassTransport Equations
The mass transport equation for FGF-2 consists of two mechanisms, convection and dissipation. The convection describes transport of local components along the streamlines of the flow. The dissipation describes diffusive transport of components due to concentration gradient. The mass must be conserved. In the existence of chemical reaction, the coupling of mass transport and chemical kinetics in a circular pipe can be described by the following equation [29] :
where Φ is the concentration of FGF-2, u and v are the axial and radial components of velocity, K d is the molecular diffusion coefficient, and F is the rate of change due to kinetic transformations for FGF-2. If we assume the flow in the fiber is fully developed, (12) can be simplified as (13) .
The boundary conditions of (13) are
A transient solution is pursued in the current simulations. To achieve second order time accuracy, a quadratic backward approximation for the time derivative term is used. In (13), the convective term needs special treatments for stability. To enhance numerical stability as well as maintain second order spatial accuracy, a deferred correction numerical strategy is used [11] [29] , which is a combination of the first order upwind differencing and the second order central differencing. The diffusive terms are discretized by the central difference method. The equation is solved by Stone's strong implicit procedure (SIP) [12] .
C. Binding Kinetics Equations
The binding kinetics involves a series of molecular activities, including FGF-2 binding to its receptors, HSPG, some intermediate complexes or dimers, and internalization. The model from Forsten-Williams et al. [6] is adopted. Nine chemical reactions and ten species are involved [6] [29] .
The computational model is expressed as a set of ODEs in Table 1 [6] [7] and some key parameters used are in Table  2 . 
IV. IMPLEMENTATION DETAILS

A. The Concentration of FGF-2 at Inlet
To more closely link the simulations to the experimental model system, several additional assumptions were made. In our experimental system, FGF-2 is injected into a reservoir and then distributed into the individual capillary fibers. The FGF-2 concentration in the reservoir is assumed to decrease gradually as:
where v is the volume of the reservoir, Δv is the volume of fluid flowing into the fibers at each pulse, Φ n-1 is the previous concentration and Φ n is the current concentration of FGF-2 in the reservoir.
B. The Mass of FGF-2 Bound
FGF-2 binding is assumed to occur only on the cell surfaces and the total FGF-2 bound either specifically (FGFR or HSPG) or nonspecifically within the fibers is calculated with the following algorithms. The number of molecules of FGF-2 specifically bound within the fibers is determined as
where, K gf is the grid factor. C, T, G are the number of FGF-2 complexes and C 2 , T 2 and G 2 are the number of FGF-2 dimers (refer to Table 1 ). k int is the internalization rate constant of complexes and k intD is the internalization rate constant of dimers. n is the nth time step, N f is the number of fibers in the cartridge, Δt is the time step.
The mass of FGF-2 specifically bound is calculated by M F = F n x 18/6.022x10 The mass of nonspecific FGF-2 bound is calculated by M B = B n x 18/6.022x10 23 x 10 12 (ng)
C. The Mass of FGF-2 Flowing Through the Fibers
The mass of FGF-2 moving through the fibers at location x in axial direction in Δt can be integrated by
Numerically, it can be estimated by
where Δt is the time step, u i (x) is the axial velocity and Φ i (x) is the concentration of FGF-2 on the ith grid in radial direction and at location x in axial direction. M is the number of grids in radial direction.
V. SIMULATION RESULTS
A. Mesh Size Impact
The impact of mesh size on the simulation results was evaluated. Three different mesh sizes 1500x24, 3000x24, 6000x24, were tested with all other parameters held constant. Fig. 3 is the comparison of FGF-2 flowing out of the fibers using different mesh sizes.
Fig. 3 Comparison of FGF-2 flowing out of the fibers using different mesh sizes
There are only very slight differences when different mesh sizes were used and the binding properties on the cell surface are also essentially unchanged (data not shown). We conclude that the mesh size has little impact on the results within the range that we investigated. We therefore used the coarsest grid and, unless stated, was the 1500x24 mesh size.
B. The Flow Rate and the Amount of Binding
We hypothesized that higher flow rates would result in less specific and nonspecific binding due to lower residence time in the cell environment. Table 3 shows the quantitative relationship between flow rate and binding. Identical simulation parameters except the flow rate were used. Fig.  4 shows the relationship between flow rate and the amount of nonspecific binding, which seems to be a linear relationship for our system. 
C. The Diffusivity and the Amount of Binding
Generally, larger diffusivity or smaller viscosity values will lead to more molecules of FGF-2 dissipating toward the wall, where cells are located. More binding will likely occur resulting in less FGF-2 exiting. Several simulations were conducted with the same parameters except the diffusivity or viscosity to find out the quantitative relationship between the two, as shown in Table 4 . [7] It is clear that larger diffusivity or smaller visocosity values did lead to have more specific FGF-2 bound to FGFR and HSPG but more nonspecific binding of FGF-2 as well. Diffusivity also affected the profile of FGF-2 outflow (data not shown).
VI. CONCLUSION AND FUTURE WORK
A simulation program has been developed specifically for the simulation of FGF-2 cell binding within the FiberCell ® Bioreactor Systems, an in vitro flow cell culture system. Some interesting simulation results have been obtained. We found: (1) the amount of FGF-2 specifically cell bound is dominated by HSPG coupling (data not shown); (2) the amount of specifc and nonspecifc binding of FGF-2 is proportional to the diffusivity of the solution and roughly linear proportional to the flow rate; (3) different flow rates or diffusivities will affect the profile of FGF-2 outflow and the distribution of FGF-2 bound on the wall along the fiber at different time points.
Next, multi-pass simulation will be conducted to find out long term binding properties and more species will be introduced into the model to simulate the impact of alternative species, e.g., some drugs may be added into the fluid along with the FGF-2 to study its influence on FGF-2 binding. The model has to be adjusted and a parallel algorithm may have to be introduced. In order to increase the simulation accuracy, some assumptions or algorithms will be improved.
In conclusion, we have developed a simulation package to describe flow through a capillary with reactive walls. We have applied the model to FGF-2 binding to endothelial cells but the package could be easily modified to accommodate a multitude of similar biological systems.
The simulation program for Windows XP/Vista is available at www.cs.uky.edu/~czhanb/research.html.
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